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Introduction

7KH�VXVSHQVLRQ�RI�DQ�DXWRPRELOH�LV�D�FRPSOH[�V\VWHP��1RW�RQO\�GRHV�LW�KDYH�WR�VXSSRUW�WKH

HQWLUH�YHKLFOH�DQG�LWV�RFFXSDQWV�VWDWLFDOO\��EXW�DOVR�LW�KDV�WR�ZLWKVWDQG�G\QDPLF�ORDGV�WKDW�FRPH�IURP

DFFHOHUDWLQJ��EUDNLQJ�DQG�FRUQHULQJ��URDG�YDULDWLRQV�DQG�LPSHUIHFWLRQV��)XUWKHUPRUH��HYHU\WKLQJ�

IURP�WKH�ULJLG�VXSSRUW�FRQWURO�PHPEHUV�WR�WKH�IOH[LEOH�WLUHV�DQG�HYHQ�WKH�VHDWV�LQ�DQ�DXWRPRELOH�

HIIHFWV�WKH�RYHUDOO�IHHO�WKDW�LV�SHUFHLYHG�E\�WKH�YHKLFOH·V�RFFXSDQWV�

7KLV�&,9�����SURMHFW�DLPV�WR�DGGUHVV�RQH�RI�WKH�PRVW�LPSRUWDQW�FRPSRQHQWV�RI�WKH

DXWRPRELOH�VXVSHQVLRQ³WKH�KHOLFDO�VSULQJ��:LWK�VRPH�MXVWLILHG�VLPSOLILFDWLRQV��WKH�DQDO\VLV�RI�WKH

KHOLFDO�VSULQJ�LV�D�WUDFWDEOH�WDVN��$OWKRXJK�WKH�KHOLFDO��FRLO��VSULQJ�LV�QRW�WKH�RQO\�NLQG�RI�VSULQJ

IRXQG�LQ�DXWRPRELOH�VXVSHQVLRQ�V\VWHPV��LW�LV�E\�IDU�WKH�PRVW�SUHYDOHQW�DPRQJ�SDVVHQJHU�FDUV��DQG

LWV�UROH�LV�FUXFLDO�LQ�PDLQWDLQLQJ�WKH�GULYHDELOLW\�RI�FDUV�VR�HTXLSSHG�ZLWK�KHOLFDO�VSULQJV�

%HFDXVH�RI�WKH�ODUJH�QXPEHU�RI�DVVXPSWLRQV�UHTXLUHG�IRU�WKH�DQDO\VLV�RI�WKH�KHOLFDO�VSULQJ�

WKH\�ZLOO�QRW�EH�OLVWHG�LQ�D�VSHFLILF�VHFWLRQ��,QVWHDG��WKH\�ZLOO�EH�PHQWLRQHG�WRJHWKHU�ZLWK�WKH�DQDO\VLV�

ZKHQHYHU�QHFHVVDU\�

$IWHU�WKH�GLVFXVVLRQ�RI�EDFNJURXQG�WKHRU\�LV�FRPSOHWH��WZR�H[DPSOHV�ZLOO�EH�JLYHQ��7KH�ILUVW

ZLOO�VKRZ�KRZ�RQH�FDQ�HYDOXDWH�D�FDU�ZLWK�RQH�D[OH�UHVWLQJ�RQ�D�EXPS��7KH�RWKHU�ZLOO�WDNH�LQWR

DFFRXQW�LPSDFW�ORDGLQJ��IRU�H[DPSOH��ZKHQ�D�ZKHHO�KLWV�D�VLPLODU�EXPS�ZKLOH�WKH�FDU�LV�LQ�PRWLRQ�

7KH�UHVXOWV�IURP�WKHVH�WZR�FDVHV�ZLOO�EH�WKHQ�EH�FRPSDUHG�
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General Theory of the Helical Spring

$V�WKH�KHOLFDO�VSULQJ�LV�HVVHQWLDOO\�D�WZLVWHG�EDU�

WKH�FKDUDFWHULVWLFV�RI�WKH�KHOLFDO�VSULQJ�FDQ�EH�DQDO\]HG

E\�WDNLQJ�D�VHFWLRQ�RI�WKH�KHOLFDO�VSULQJ��VKRZQ�LQ�)LJXUH

���DQG�DQDO\]LQJ�WKH�VHFWLRQ�DV�D�VWUDLJKW�FLUFXODU�EDU�LQ

WRUVLRQ��6LQFH�WKH�KHOLFDO�DXWRPRWLYH�VSULQJ�LV�XVHG�DV�D

FRPSUHVVLRQ�DQG�VXSSRUW�PHPEHU��RQH�FDQ�DVVXPH�WKDW

WKH�VSULQJ�LV�ORDGHG�RQO\�D[LDOO\��DERXW�LWV�FHQWUDO�D[LV��,Q

D�IXOOHU�DQDO\VLV��ODWHUDO�ORDGLQJ�DQG�EXFNOLQJ�SRVVLELOLWLHV

VKRXOG�DOVR�EH�FRQVLGHUHG��EXW�WKH\�ZLOO�QRW�EH�WKH

FRYHUHG�LQ�WKLV�SURMHFW��,W�LV�DVVXPHG�WKDW�WKH�VSULQJ

FRPSUHVVHV�RQO\�LQ�WKH�GLUHFWLRQ�RI�LWV�D[LV��ZLWK�WKH

VSULQJ�VHDWV�KROGLQJ�WKH�HQGV�LQ�SODFH�

:LWK�WKH�DERYH�DVVXPSWLRQ�RI�DQ�D[LDOO\�ORDGHG

VSULQJ��)LJXUH���VKRZV�WKH�IRUFHV�DQG�PRPHQWV�RQ�D

VHFWLRQ�RI�WKH�VSULQJ��$�VLPSOLILHG�YLHZ�LV�VKRZQ�E\

)LJXUH����ZKHUH�WKH�ORDG�)�LV�EDODQFHG�LQWHUQDOO\�E\�D

VKHDULQJ�IRUFH�9�DQG�D�WRUTXH�7�WR�FRPSHQVDWH�IRU�WKH

IDFW�WKDW�)�LV�QRW�DSSOLHG�WKURXJK�WKH�VHFWLRQ�LQ

FRQVLGHUDWLRQ��)RU�WKH�SXUSRVHV�RI�FODULW\��WKH�XSSHUFDVH

OHWWHUV�5�DQG�'�ZLOO�UHIHU�WR�WKH�UDGLXV�DQG�GLDPHWHU�RI

WKH�FRLO��UHVSHFWLYHO\��ZKLOH�WKH�ORZHUFDVH�OHWWHUV�U�DQG�G

Figure 1. Spring element with  forces and
moments. (Benham).

Figure 2. Simplified free body diagram
showing a direct shear V and a torque T due
to axial loading. (Popov)
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ZLOO�UHIHU�WR�WKH�UDGLXV�DQG�GLDPHWHU�RI�WKH�VSULQJ�HOHPHQW��UHVSHFWLYHO\��$OWKRXJK�VSULQJV�RI�QRQ�

FLUFXODU�FURVV�VHFWLRQV�H[LVW��RQO\�WKH�FRPPRQ��FLUFXODU�FURVV�VHFWLRQ�VSULQJV�ZLOO�EH�FRQVLGHUHG�

6XSHUSRVLWLRQLQJ�RI�6KHDULQJ�6WUHVVHV

7KH�VLPSOHVW�DQDO\VLV�RI�WKH�KHOLFDO�VSULQJ�UHTXLUHV�VRPH�IXUWKHU

DVVXPSWLRQV��)LUVW��WKH�FRLOV�RI�WKH�VSULQJ�DUH�DVVXPHG�WR�OLH�LQ�D�SODQH�QHDUO\

SHUSHQGLFXODU�WR�WKH�D[LV�RI�WKH�VSULQJ�VXFK�WKDW�WKH�DQJOH� α�LQ�)LJXUH���LV�VPDOO�

7KLV�DVVXPSWLRQ�DOORZV�WKH�VHFWLRQ�WDNHQ�IRU�DQDO\VLV�WR�EH�QHDUO\�YHUWLFDO�

HOLPLQDWLQJ�WKH�QHHG�WR�FRQVLGHU�DQ�D[LDO�IRUFH�DQG�D�EHQGLQJ�PRPHQW�DW�WKH�VHFWLRQ

WDNHQ�WKURXJK�WKH�VSULQJ��$OVR��DQ\�FKDQJHV�LQ�FRLO�UDGLXV�DUH�LJQRUHG��7KXV��WKHUH

DUH�RQO\�WZR�VWUHVV�FRQWULEXWRUV��RQH�LV�WKH�UHVXOW�RI�WKH�DSSOLHG�IRUFH�)��DQG�WKH

RWKHU�LV�D�7RUTXH�7�WKDW�H[LVWV�EHFDXVH� ORDG�LV�FROOLQHDU�ZLWK�WKH�D[LV�RI�WKH�FRLO��%\�VXSHUSRVLWLRQ�

WKH�WZR�VWUHVVHV�VXP�DQG�UHVXOW�LQ�WKH�ILUVW�OLQH�RI�(TXDWLRQV����$W�WKLV�SRLQW��LW�VKRXOG�EH�QRWHG�WKDW

WKH�ILUVW�WHUP�RI�(TXDWLRQV����WKH�VWUHVV�GXH�WR�WKH�VKHDULQJ�IRUFH�9��LV�DVVXPHG�WR�EH�DFWLQJ

XQLIRUPO\�RYHU�WKH�FURVV�VHFWLRQ��1RWH�WKDW�WKLV�DYHUDJLQJ�UHVXOWV�LQ�
2r

F

π
WHUP�IRU�WKH�GLUHFW�VKHDULQJ

VWUHVV��,Q�UHDOLW\��D�EHWWHU�DSSUR[LPDWLRQ�ZRXOG�FRPH�IURP�XVLQJ�WKH�H[SUHVVLRQ�
It

VQ
DQG�ILQGLQJ�4

WR�WKH�QHXWUDO�D[LV�DQG�XVLQJ�W�DV�WKH�GLDPHWHU�RI�WKH�VSULQJ�HOHPHQW��+RZHYHU��EHFDXVH�PRVW�WH[WV

DSSHDU�WR�XVH�WKH�VLPSOLILHG�H[SUHVVLRQ
2r

F

π
��,�ZLOO�UHWDLQ�WKLV�VLPSOLILFDWLRQ��6LQFH� FRT = �� rc = �

2rA π= DQG� 2
4rJ π= ��(TXDWLRQV���LV�VLPSOLILHG��JLYLQJ�WKH�VKHDULQJ�VWUHVV�RQ�D�VSULQJ�HOHPHQW�DV

WKH�ERWWRP�OLQH�RI�(TXDWLRQV����$V�WKH�VL]H�RI�WKH�VSULQJ�HOHPHQW�EHFRPHV�VPDOO�ZLWK�UHVSHFW�WR�WKH

FRLO��VXFK�WKDW� Rr << ���WKH�ILUVW�WHUP�LQ�WKH�SDUHQWKHVHV��GLUHFW�VKHDU��EHFRPHV�LQFRQVHTXHQWLDO�

+RZHYHU��ZKHQ�WKH�WZR�UDGLL�EHFRPH�FRPSDUDEOH��WKH�ILUVW�WHUP��GXH�WR�7RUTXH�7��FDQQRW�EH
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Equations 1.
Shearing stress
as a sum of the
direct shear and
torsion.
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QHJOHFWHG�EHFDXVH�LW�LV�DOVR�D�VLJQLILFDQW�FRQWULEXWRU�RI�WKH�WRWDO�VKHDULQJ�VWUHVV��1HYHUWKHOHVV��D

XVHIXO�HTXDWLRQ�IRU�WKH�PD[LPXP�VKHDULQJ�VWUHVV�GRHV�FRPH�RXW�RI�WKH�DERYH�DQDO\VLV�LI�D�VWUHVV

FRQFHQWUDWLRQ�IDFWRU��.��LV�XVHG�LQVWHDG�RI�LQFOXGLQJ�WKH�ILUVW�WHUP�RI�WKH�ODVW�OLQH�RI�(TXDWLRQV���

7KH�UHVXOW�LV�(TXDWLRQ����ZKHUH�WKH�IDFWRU�.�VFDOHV�WKH�VKHDULQJ�VWUHVV�DSSURSULDWHO\�DV�D�IXQFWLRQ�RI

WKH�UDWLR�RI�WKH�UDGLL��FRPSHQVDWLQJ�IRU�WKH�QHJOHFW�RI�WKH�GLUHFW�VKHDULQJ�WHUP��)LJXUH���VKRZV�KRZ

.�YDULHV�ZLWK�WKH�VSULQJ�HOHPHQW�DQG�FRLO�VL]H��:DKO

SURSRVHV�WKDW�)LJXUH���KDV��DV�LWV�JRYHUQLQJ�HTXDWLRQ�

(TXDWLRQ����7KH�JHQHUDO�IRUPXOD�IRU�WKH�PD[LPXP

VKHDULQJ��(TXDWLRQ����DORQJ�ZLWK�WKH�FRUUHFWLRQ�IDFWRU�.�

ZLOO�EH�XVHG�IRU�IXWXUH�FDOFXODWLRQV�RI�VKHDULQJ�VWUHVV��1RWH

WKDW�WKH�FRUUHFWLRQ�IDFWRU�VWLOO�GRHV�QRW�FRQVLGHU�WKH�FKDQJH

LQ�UDGLXV�EHWZHHQ�WKH�LQQHUPRVW�SDUW�RI�WKH�VSULQJ�HOHPHQW�DQG

WKH�RXWHUPRVW�SDUW��,Q�UHDOLW\��VWUHVVHV�ZLOO�EH�KLJKHU�LQ�WKH

LQQHU�VHFWLRQ�RI�WKH�FURVV�VHFWLRQDO�HOHPHQW��DV�VKRZQ�LQ�)LJXUH���

3

2

r

FR
K

π
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r
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615.0

44
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Equation 2.
General
formula for
shear stress
using
correction
factor.

Equation 3.
Correction
factor as a
function of coil
and spring
radii.

Ratio of radii, R/r

K

Figure 3. Correction factor K as
a function of the ratio of radii,
R/r. (Popov)

Figure 4. Distribution of shearing stress
over a spring element’s cross-sectional
area. (Wahl)
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(QHUJ\�0HWKRG

$OWKRXJK�WKH�DERYH�DQDO\VLV�EDVHG�RQ�VXSHUSRVLWLRQLQJ�FDQ�EH�XVHG�WR�GHWHUPLQH�WKH

GHIOHFWLRQ�RI�D�ORDGHG�KHOLFDO�VSULQJ��DQG�WKXV�LWV�VSULQJ�UDWH��DQ�HQHUJ\�EDODQFH�PHWKRG�LV�DOVR�VLPSOH

DQG�DOORZV�RQH�WR�VHH�WKH�HIIHFWV�LI�WKH�FRLO�DQJOH� α�LV�VLJQLILFDQW�DQG�FDQQRW�EH�QHJOHFWHG��,Q�WKLV

DQDO\VLV��D�VWDQGDUG�FR�RUGLQDWH�V\VWHP��VHH�)LJXUH����LV�XVHG��DQG�D�EHQGLQJ�PRPHQW�LQ�DGGLWLRQ�WR

WKH�WRUVLRQ�VKRXOG�EH�WDNHQ�LQWR�DFFRXQW��+RZHYHU��FKDQJHV�LQ�FRLO�UDGLL�DFURVV�WKH�VSULQJ�HOHPHQW

DUH�VWLOO�FRQVLGHUHG��)URP�)LJXUH����WKH�WRUVLRQ�7�RU� αcosFRM x = ��DQG�WKH�EHQGLQJ�PRPHQW

αsinFRM y = ��ZKLOH� 0=zM ��%HIRUH�FRQWLQXLQJ��RQH�VKRXOG�QRWH�WKDW�WKH�ZRUN�GRQH�LQ�GHIOHFWLQJ

D�VSULQJ�E\�D[LDO�ORDGLQJ��WRUVLRQ�DQG�EHQGLQJ��WKH\�DUH�GHULYHG�LQ�(TXDWLRQV��D���E�DQG��F��ZKHUH�8

LV�WKH�VWUDLQ�HQHUJ\�DQG�X�LV�WKH�VWUDLQ�HQHUJ\�GHQVLW\��E\�YROXPH���(TXDWLRQV��E�IRU�WRUVLRQ�LV

DQDORJRXV�WR�(TXDWLRQV��D�IRU�D[LDO�ORDGLQJ��DQG�(TXDWLRQV��F�IRU�EHQGLQJ�FDQ�EH�VHHQ�DV�DQ

H[WHQVLRQ�RI�D[LDO�ORDGLQJ�VLQFH�EHQGLQJ�SURGXFHV�D�QRUPDO�VWUHVV�
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Equations 4a. Energy
due to axial loading.

Equations 4b. Energy
due to torsion.

Equations 4c. Energy
due to bending.
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%\�HQHUJ\�FRQVHUYDWLRQ��WKH�HQHUJ\�LPSDUWHG�WR�WKH�VSULQJ�E\

WKH�D[LDO�ORDGLQJ�LV�HTXDO�WR�WKDW�FDXVHG�E\�WKH�WRUVLRQ�DQG�EHQGLQJ�

DQG�WKLV�HTXDOLW\�IRUPV�WKH�ILUVW�OLQH�RI�(TXDWLRQV����)XUWKHU

VXEVWLWXWLRQ�IURP�(TXDWLRQV���FRPSOHWHV�WKH�GHULYDWLRQ�IRU�VSULQJ

GHIOHFWLRQ�GXH�WR�DQ�D[LDO�ORDG��8VLQJ� 2
4

rJ π= �� 4
4

rI π= �DQG

απ sec2 nRL = ��ZKHUH�Q�LV�WKH�QXPEHU�RI�FRLOV�JLYHV�WKH�XVHIXO

HTXDWLRQ�IRU�GHIOHFWLRQ��(TXDWLRQV����1RWH�WKDW�ZKHQ�WKH�VSULQJ�LV

FORVHO\�FRLOHG��α�LV�VPDOO���WKH�VLPSOLILHG�HTXDWLRQ�VKRZQ�DV�(TXDWLRQ��

LV�DFFXUDWH�

,I�(TXDWLRQ���IRU�GHIOHFWLRQ�DQG�(TXDWLRQ���IRU�VKHDULQJ�VWUHVV

DUH�FRPSDUHG��WKH�VKHDULQJ�VWUHVV�FDQ�EH�H[SUHVVHG�DV�D�IXQFWLRQ�RI�WKH

GLVSODFHPHQW��WKH�PRGXOXV�RI�ULJLGLW\��DQG�WKH�VSULQJ�DQG�FRLO

GLPHQVLRQV��DV�VKRZQ�LQ�(TXDWLRQV����7KLV�HTXDWLRQ�LV�XVHIXO�DV�RQH

FDQ�FKHFN�ZKHWKHU�D�FHUWDLQ�VSULQJ�FDQ�EH�DOORZHG�WR�XQGHUJR�D�FHUWDLQ

GHIOHFWLRQ�ZLWKRXW�IDLOXUH��&RPSDULQJ�(TXDWLRQV���DQG�(TXDWLRQ��

QRZ��DQ�H[SUHVVLRQ�IRU�δ�FDQ�EH�FDVW�LQ�WHUPV�RI�τ��7KLV�LV�VKRZQ�DV

(TXDWLRQ���

$OVR�RI�XVH�LQ�WKH�DXWRPRWLYH

LQGXVWU\�LV�WKH�VWLIIQHVV�IDFWRU��6��IRU�D

JLYHQ�VSULQJ��7KLV�LV�VLPSO\�WKH�DPRXQW

RI�IRUFH�QHHGHG�WR�FUHDWH�D�XQLW�RI

Equation 6. Deflection of a
loaded spring after
substitution of moments of
inertia.

Equations 5. Energy
balance and deflection
equation of a loaded spring.
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Equation 7. Deflection
of a loaded spring with

Equations 8.
Shear stress
based on
deflection.

Equations 9.
Deflection
based on
shear stress.

Equation 10. Spring
stiffness.
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GHIOHFWLRQ�DQG�WKXV�KDV�WKH�GLPHQVLRQV�RI�IRUFH�RYHU�OHQJWK��(TXDWLRQ����VKRZV�WKH�GHULYDWLRQ�RI

WKH�VWLIIQHVV�IDFWRU�

,PSDFW�/RDGLQJ

,PSDFW�ORDGLQJ�RFFXUV�ZKHQ�D�VSULQJ�LV�JLYHQ�D�VXGGHQ�ORDGLQJ��:KDW

UHVXOWV�LV�DQ�LQFUHPHQWDO�VWUHVV��∆τ��7\SLFDOO\��WKLV�ORDGLQJ�LV�FKDUDFWHUL]HG�E\

WKH�YHORFLW\�RI�WKH�LQFRPLQJ�ORDG��Y��,Q�RUGHU�WR�ILQG�H[SUHVV�∆τ�LQ�WHUPV�RI

Y��:DKO�ILUVW�GHILQHV�D�VXUJH�ZDYH�YHORFLW\��Y V��LWV�HTXDWLRQ�LV�GHILQHG�DV

VKRZQ�LQ�(TXDWLRQ�����7KLV�LV�WKH�VSHHG�DW�ZKLFK�D�ZDYH�LV�SURSDJDWHG

WKURXJK�WKH�VSULQJ��7KH�SURSDJDWLRQ�WDNHV�D�ILQLWH�WLPH��∆W��WR�WUDYHO�WKURXJK

WKH�VSULQJ��FDXVLQJ�DQ�LQFUHPHQWDO�GHIOHFWLRQ��∆δ��DQG�ERWK�DUH�VKRZQ�LQ

(TXDWLRQV�����6HWWLQJ�∆δ�HTXDO�WR�δ�LQ�(TXDWLRQV���DQG�VROYLQJ�IRU�∆τ�JLYHV

WKH�LQFUHPHQWDO�VWUHVV�GXH�WR�LPSDFW�ORDGLQJ��(TXDWLRQV������,Q�VXPPDU\��WKH

LQFUHPHQWDO�GHIOHFWLRQ�DQG�VWUHVV�∆δ��HTXDWLRQV�����DQG�∆τ (13)�VKRXOG�EH

WDNHQ�LQWR�FRQVLGHUDWLRQ�ZKHQ�D�VSULQJ�XQGHUJRHV�LPSDFW�ORDGLQJ�
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Equation 11.
Surge wave
speed of a
impact loaded
spring.

Equations 12. Time for
surge wave to
propagate through
spring and the resultant
incremental deflection.
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Incremental stress
due to impact
loading.
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Applying Theory to the Automobile Suspension System

+DYLQJ�GHULYHG�HTXDWLRQV�IRU�WKH�PD[LPXP�VKHDULQJ�VWUHVV�RI�D�VSULQJ��WKH�GHIOHFWLRQ�XQGHU

ORDG�DQG�VSULQJ�VWLIIQHVV��WKH�DXWRPRWLYH�VXVSHQVLRQ�FDQ�EH�FRQVLGHUHG�LQ�PRUH�GHWDLO��%HFDXVH�WKH

WLUHV�DQG�FKDVVLV�FRQWULEXWH�DOVR�WR�WKH�RYHUDOO�GHIOHFWLRQ�RI�WKH�ZKHHOV��IRUPDOO\��WKHVH�VKRXOG�DOVR

EH�WDNHQ�LQ�FRQVLGHUDWLRQ��+RZHYHU��*LOOHVSLH�SRLQWV�RXW�WKDW�WKH�VSULQJ�UDWH�RI�D�WLUH�LV�PDQ\�WLPHV

JUHDWHU�WKDQ�WKDW�RI�WKH�W\SLFDO�DXWRPRWLYH�VXVSHQVLRQ�KHOLFDO�VSULQJ��DQG�EHFDXVH�WKH�WLUH�DQG�VSULQJ

DUH�LQ�VHULHV��XVLQJ�WKH�VWLIIQHVV�RI�WKH�VSULQJ�DORQH�FDQ�DSSUR[LPDWH�WKH�VSULQJ�UDWH�RI�WKH�YHKLFOH�

$QRWKHU�HUURU�LQ�WKH�VLPSOLILFDWLRQ�RI�WKH�VXVSHQVLRQ�V\VWHP�LV�WKDW��LQ�PRVW�FDVHV��WKH�ORDG�FDXVHG

E\�D�EXPS�LV�QRW�GLUHFWO\�LQOLQH�ZLWK�WKH�VSULQJ·V�FRLO�D[LV��&RQVHTXHQWO\��WKH�D[LDO�ORDG��)��VHHQ�E\

WKH�VSULQJ�LV�RIWHQ�QRW�WKH�ORDG�WKDW�WKH�EXPS�FDXVHV�GLUHFWO\��RWKHU�VXVSHQVLRQ�PHPEHUV�VXFK�DV�WKH

FRQWURO�DUP�DFW�DV�D�OHYHU�DUP�

6WDWLFDOO\�/RDGHG�)URQW�$[OH

$V�PHQWLRQHG�LQ�WKH�LQWURGXFWLRQ��,�KDYH�GHVLJQHG�DQ�H[DPSOH�RI�D�VWDWLFDOO\�ORDGHG�IURQW

D[OH��7KURXJKRXW�WKH�H[DPSOHV��DQ�HIIRUW�KDV�EHHQ�PDGH�WR�NHHS�DOO�QXPEHUV��JHRPHWU\��VL]H��HWF��

UHSUHVHQWDWLYH�RI�WKRVH�IRXQG�RQ�D�SDVVHQJHU�DXWRPRELOH�

$�VXVSHQVLRQ�GHVLJQHU�ZLVKHV�WR�UHGXFH�XQVSUXQJ�ZHLJKW�RI�D�YHKLFOH�E\�UHSODFLQJ�D

YHKLFOH·V�IURQW�VWHHO�KHOLFDO�VSULQJV�ZLWK�DOXPLQXP�DOOR\�VSULQJV�ZLWKRXW�FKDQJLQJ�WKH

VSULQJ� VWLIIQHVV�� WKH� FRLO� GLDPHWHU� �'� ���� FP��RU� WKH�QXPEHU�RI� FRLOV�SHU� VSULQJ�

7KH� YHKLFOH�ZHLJKV� ����� NJ�� ZLWK� ���� RI� LWV� ZHLJKW� UHVWLQJ� RYHU� LWV� IURQW� ZKHHOV

VWDWLFDOO\��$VVXPH�WKDW�WKH�KHOL[�DQJOH�LV�� ��RU�OHVV�VXFK�WKDW�(TXDWLRQ���FDQ�EH�XVHG

ZLWK�DGHTXDWH�DFFXUDF\��+HOS�GHWHUPLQH�LI�WKLV�FKDQJH�VKRXOG�EH�DOORZHG�DQG�LI�LW�LV

EHQHILFLDO�E\�SHUIRUPLQJ�WKH�IROORZLQJ�FDOFXODWLRQV�

D� 'HWHUPLQH� WKH�ZHLJKW� RYHU� HDFK� IURQW� ZKHHO� WKDW� KDV� WR� EH� VXSSRUWHG� E\� WKH

VSULQJV�
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E� 'HWHUPLQH�WKH�VSULQJ�HOHPHQW�UDGLXV�IRU�WKH�FXUUHQW�GHVLJQ�LI�WKH�VSULQJ�VWLIIQHVV

LV� m
NS 20000= ��8VH� GPaGsteel 77= �

F� 8VLQJ� (TXDWLRQV� �� IRU� WKH� FRUUHFWLRQ� IDFWRU�� FDOFXODWH� WKH� PD[LPXP� VKHDULQJ

VWUHVV�RI�WKH�VWHHO�VSULQJ�LI�WKH�IURQW�D[OH�OLHV�RYHU�D�EXPS���FP�KLJK�DQG�WKDW�WKH

FDU�UDLVHV�E\���FP�ZKHQ�UHVWLQJ�RYHU�WKH�EXPS��VXFK�WKDW�WKH�GHIOHFWLRQ�IURP�D

FDU�DW� UHVW� LV���FP���$OVR�GHWHUPLQH� WKH�IDFWRU�RI� VDIHW\� IRU� WKH� VKHDULQJ� VWUHVV�

DVVXPLQJ�WKDW�WKH�XOWLPDWH�VWUHVV�LQ�VKHDU�IRU�WKH�VWHHO�LV�����03D�

&RPPHQW� )RU� WKH� DERYH� UHSUHVHQWDWLYH� DXWRPRWLYH� VXVSHQVLRQ� VSULQJ�� WKH

FRUUHFWLRQ�IDFWRU�LV�LPSRUWDQW�DV�LW�UDLVHV�WKH�VKHDULQJ�VWUHVV�E\�DERXW

����� τEXPS� LV� WKH� VKHDULQJ� VWUHVV� GXH� WR� WKH� �� FP� RI� GHIOHFWLRQ

FDXVHG� E\� WKH� EXPS�� ZKLOH� τVWDWLF� LV� WKH� VKHDULQJ� VWUHVV� IURP� WKH

ZHLJKW� VXSSRUWHG� E\� D� IURQW� ZKHHO� ZLWKRXW� WKH� H[LVWHQFH� RI� WKH

EXPS��7KH�WRWDO�VKHDULQJ�VWUHVV�LV�WKH�VXP�RI�ERWK�WKHVH�YDOXHV�

G� )LQG�WKH�PDVV�RI�D�VWHHO�VSULQJ�E\�ILUVW�FDOFXODWLQJ�WKH�VSULQJ�YROXPH�DQG�XVLQJ
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&RPPHQW� 7KH� ��� DQJOH� LV� DUELWUDU\� DQG� ZLOO� DIIHFW � WKH� PDVV� FDOFXODWHG�� 7R

GHWHUPLQH� WKH�DQJOH�H[DFWO\��PRUH�ZLOO�QHHG� WR�EH�NQRZQ�DERXW� WKH

JHRPHWU\�RI�WKH�VXVSHQVLRQ�V\VWHP��)XUWKHUPRUH��WKH�DQJOH�ZLOO�YDU\

ZLWK�ORDGLQJ��7KH�FKRLFH�RI����DOORZV�WKH�GHULYHG�IRUPXODV�WR�EH�XVHG

ZLWK�FRQILGHQFH�RI�PRGHUDWH�DFFXUDF\�

H� )RU�DOXPLQXP�DOOR\��UHFDOFXODWH�WKH�VSULQJ�HOHPHQW�UDGLXV�QHFHVVDU\�WR�PDLQWDLQ

WKH�VDPH�VWLIIQHVV��XVLQJ� GPaGAl 26= �

&RPPHQW� 'XH�WR�WKH�UHGXFHG�PRGXOXV�RI�ULJLGLW\�IRU�DOXPLQXP��D�ODUJHU�VSULQJ

HOHPHQW�LV�QHFHVVDU\�WR�PDLQWDLQ�WKH�RULJLQDO�VWLIIQHVV�RI�������1�P�

I� 5HFDOFXODWH�WKH�FRUUHFWLRQ�IDFWRU��PD[LPXP�VKHDULQJ�VWUHVV�DQG� WKH�QHZ�IDFWRU�RI

VDIHW\�ZKHQ�DOXPLQXP�DOOR\�LV�XVHG�

&RPPHQW� 'XH�WR�WKH�LQFUHDVHG�VSULQJ�HOHPHQW�UDGLXV��WKH�FRUUHFWLRQ�IDFWRU�KDV

DOVR� LQFUHDVHG��0RUH� LPSRUWDQWO\�� WKH� DERYH� FDOFXODWLRQV� VKRZ� WKDW

WKH�DOXPLQXP�LV�XQDEOH�WR�PHHW�WKH�RULJLQDO�VSHFLILFDWLRQV�RI�VSULQJ�VWLIIQHVV�DQG

JHRPHWU\� ZLWKRXW� IDLOXUH�� DQG� WKDW� DOXPLQXP� LV� QRW� D� YLDEOH� RSWLRQ�� ,W

ZRXOG� EH� QHFHVVDU\� WR�PRGLI\� WKH� FRLO·V� JHRPHWU\� LQ� RUGHU� WR� ERWK

UHWDLQ�WKH�VWLIIQHVV�DQG�EH�RI�VXIILFLHQW�VWUHQJWK�
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I� (VWLPDWH� WKH� SHUFHQWDJH� UHGXFWLRQ� LQ� VSULQJ� ZHLJKW�� LI� DQ\�� XVLQJ

32770
m

kg
Al =ρ �

&RPPHQW� 7KH�DERYH�VKRZV�WKDW�LI�WKH�DOXPLQXP�ZHUH�DEOH�WR�VXSSRUW�WKH�ORDG�

WKHUH�ZRXOG�EH�D�VLJQLILFDQW�ZHLJKW�VDYLQJV�

%XPS�,PSDFW�DW�6LJQLILFDQW�6SHHG

:KHQ�WKH�ORDG�LV�QRW�VWDWLF�EXW�G\QDPLF��VXFK�DV�ZKHQ�WKH�EXPS�LV�KLW�ZKLOH�WKH�YHKLFOH�LV�LQ
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PD[LPXP� VSHHG� DW� ZKLFK� D� VLPLODU� EXPS� �RQH� WKDW� UDLVHV� WKH� D[OH� �� FP�� FDQ� EH

DSSURDFKHG�ZLWKRXW�VSULQJ�IDLOXUH�E\�VKHDU��8VH�WKH�VDPH�SURSHUWLHV�IRU�VWHHO�

D� 'HWHUPLQH�KRZ�PXFK�LQFUHPHQWDO�LPSDFW�VKHDULQJ�VWUHVV�� ∆τ��FDQ�EH�DSSOLHG�LI�D

PLQLPXP�IDFWRU�RI�VDIHW\�RI�����LV�SUHVFULEHG�

&RPPHQW� 7KH� LQFUHPHQWDO� VWUHVV� GXH� WR� LPSDFW� ORDGLQJ� OLPLWV� WKH� VSHHG� DW

ZKLFK�WKH�FDU�FDQ�EH�GULYHQ�RYHU�WKH�EXPS�
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E� 8VLQJ�(TXDWLRQV� ���� GHWHUPLQH� YVSULQJ�� WKH�PD[LPXP�DYHUDJH� VSHHG� DW� ZKLFK

WKH�VSULQJ�FDQ�EH�DOORZHG�WR�GHIOHFW�IRU�WKH�∆τ�FDOFXODWHG�HDUOLHU�

&RPPHQW� ,Q�WKLV�SDUW�RI�WKH�H[DPSOH��D�UHDUUDQJHPHQW�RI�(TXDWLRQV����LV�XVHG

WR� GHWHUPLQH� WKH� PD[LPXP� VSHHG� DW� ZKLFK� WKH� VSULQJ� FDQ� EH

GHIOHFWHG�LQ�RUGHU�WR�PHHW�WKH�IDFWRU�RI�VDIHW\�UHTXLUHPHQW�

F� 8VLQJ�)LJXUH���� GHWHUPLQH� WKH�PD[LPXP� VSHHG� DW

ZKLFK�WKH�FDU�FDQ�EH�GULYHQ��7DNH�WKH�UDGLXV�RI�WKH

ZKHHO�WLUH� FRPELQDWLRQ�� UZKHHO� WR� EH� ���� P� DQG

WKH� HIIHFWLYH� KHLJKW� RI� WKH� EXPS� �WKH� QHFHVVDU\

GHIOHFWLRQ���K��WR�EH������P��7DNH�WKH�ZLGWK�RI�WKH

EXPS�WR�EH������P�

&RPPHQW� 6HYHUDO�DVVXPSWLRQV�ZHUH�PDGH�LQ�WKLV�VWHS��)LUVW��WKH�FDOFXODWHG�YDOXH

RI�YVSULQJ��WKH�PD[LPXP�DYHUDJH�VSHHG�RI�VSULQJ�GHIOHFWLRQ�ZDV�XVHG

WR� GHWHUPLQH� WKH� VSHHG� RI� WKH� FDU�� ,W� LV� OLNHO\� WKDW� WKH� DEVROXWH

PD[LPXP� VSULQJ� GHIOHFWLRQ� VSHHG� LV� VLJQLILFDQWO\� KLJKHU�

RYHUHVWLPDWLQJ� WKH� FDU·V� KLJKHVW� SHUPLVVLEOH� VSHHG�� 7KH� DERYH

IRUPXOD� LV� GHULYHG� E\� HTXDWLQJ� WKH� WLPH� QHHGHG� IRU� WKH� ����� P

GHIOHFWLRQ�WR�WKH�WLPH�QHHGHG�IRU�WKH�FDU�DQG�ZKHHO�WR�WUDYHO�KDOI�WKH

ZLGWK�RI� WKH�EXPS��+HQFH�� WKH�ZLGWK�RI� WKH� EXPS� DOVR� DIIHFWV� WKH

VROXWLRQ�

2QH�DVVXPSWLRQ�WKDW�PD\�QRW�EH�HQWLUHO\�DSSURSULDWH�LV�WKH�QHJOHFW�RI�WKH�VKRFN�DEVRUEHUV�

0RVW�VKRFN�DEVRUEHUV�KDYH�JDVHV�DW�D�ORZ�HQRXJK�SUHVVXUH�VR�WKDW�WKH\�GR�QRW�SURYLGH�DQ\
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VXSSRUWLQJ�RU�VSULQJLQJ�HIIHFW�ZKHQ�WKH�FDU·V�ZKHHOV�DUH�QRW�GHIOHFWHG��+RZHYHU��LQ�WKLV�FDVH��WKH

ZKHHO�LV�GHIOHFWHG�TXLFNO\��DQG�WKH�VKRFNV�ZLOO�KDYH�D�VWLIIHQLQJ�HIIHFW��LQFUHDVLQJ�WKH�RYHUDOO�VSULQJ

UDWH��1HYHUWKHOHVV��WKLV�H[DPSOH�VKRZV�WKDW�LPSDFW�ORDGLQJ�QHHGV�WR�EH�FRQVLGHUHG�LQ�VSULQJ�GHVLJQ�
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Conclusions

7KLV�SURMHFW�KDV�FRYHUHG�VHYHUDO�DVSHFWV�RI�WKH�KHOLFDO�VSULQJ�LQ�WKH�FRQWH[W�RI�DQ

DXWRPRELOH·V�VXVSHQVLRQ��)LUVW��LQWHUQDO�IRUFHV�DQG�WRUVLRQ�ZHUH�XVHG�WR�GHULYH�WKH�VKHDULQJ�VWUHVV�RI

D�ORDGHG�VSULQJ��,W�ZDV�QRWHG�WKDW�WKH�VKHDULQJ�VWUHVV�LV�D�UHVXOW�RI�D�GLUHFW�VKHDU�DQG�WRUVLRQ��DQG�WKDW

LW�LV�FRPPRQ�WR�XVH�RQO\�WKH�WRUVLRQDO�VWUHVV�FRPSRQHQW�H[SOLFLWO\��ZKLOH�D�FRUUHFWLRQ�IDFWRU�LV�XVHG

WR�WDNH�FDUH�RI�WKH�GLUHFW�VKHDU��$Q�HQHUJ\�PHWKRG�DQDO\VLV�IROORZHG��DQG�XVLQJ�WKH�LQWHUQDO�HQHUJ\

GXH�WR�D[LDO�ORDGLQJ��WRUVLRQ�DQG�EHQGLQJ��DQ�H[SUHVVLRQ�IRU�GHIOHFWLRQ�ZDV�ZULWWHQ�LQ�WHUPV�RI�WKH

D[LDO�ORDG��7KLV�ZDV�VLPSOLILHG�DVVXPLQJ�WKDW�WKH�KHOL[�LQFOLQDWLRQ�DQJOH�ZDV�VPDOO��0DQLSXODWLRQV�DQG

FRPSDULVRQV�RI�WKHVH�HTXDWLRQV�DOORZHG�WKH�GHWHUPLQDWLRQ�RI�WKH�VKHDULQJ�VWUHVV�DQG�GHIOHFWLRQ�LQ

WHUPV�RI�RWKHU�YDULDEOHV�DV�ZHOO�DV�D�IRUPXOD�IRU�VSULQJ�VWLIIQHVV��$VVXPLQJ�WKDW�D�VXUJH�ZDYH

SURSDJDWHG�WKURXJK�WKH�VSULQJ��H[SUHVVLRQV�IRU�LQFUHPHQWDO�GHIOHFWLRQ�DQG�LQFUHPHQWDO�VKHDU�VWUHVV

ZHUH�GHULYHG�IRU�WKH�FDVH�RI�LPSDFW�ORDGLQJ�ZKHUH�WKH�YHORFLW\�RI�WKH�LPSDFW�ZLWK�UHVSHFW�WR�WKH

VSULQJ�LV�NQRZQ�

)ROORZLQJ�WKH�WKHRUHWLFDO�DQDO\VLV�ZHUH�WZR�H[DPSOHV��VKRZLQJ�VWDWLF�ORDGLQJ�DQG�LPSDFW

ORDGLQJ��,Q�WKH�ILUVW�H[DPSOH��D�VZLWFK�WR�DOXPLQXP�PHDQW�WKDW�LW�ZDV�LPSRVVLEOH�WR�NHHS�WKH�FRLO

GLPHQVLRQV�XQFKDQJHG�LI�WKH�VSULQJ�VWLIIQHVV�ZHUH�WR�EH�KHOG�FRQVWDQW�HYHQ�WKRXJK�D�VLJQLILFDQW

ZHLJKW�VDYLQJ�FRXOG�FRPH�IURP�WKH�XVH�RI�DOXPLQXP��7KH�VHFRQG�H[DPSOH�VKRZHG�WKDW�LPSDFW

ORDGLQJ�OLPLWHG�WKH�PD[LPXP�VSHHG�DW�ZKLFK�D�FDU�FDQ�EH�GULYHQ�RYHU�D�EXPS�GXH�WR�WKH

LQFUHPHQWDO�VWUHVV�DQG�GHIOHFWLRQ�

)LQDOO\��LW�VKRXOG�EH�QRWHG�WKDW�WKLV�SURMHFW�FRYHUV�RQO\�WKH�EDVLFV�RI�WKH�KHOLFDO�VSULQJ��,Q

PRVW�FDOFXODWLRQV��VHYHUDO�DVVXPSWLRQV�ZHUH�PDGH��7KH\�LQFOXGHG�WKDW�WKH�KHOL[�DQJOH�EH�VPDOO�DQG

WKDW�WKH�VKHDU�VWUHVVHV�EH�GLVWULEXWHG�HYHQO\�RYHU�WKH�VSULQJ�HOHPHQW·V�FURVV�VHFWLRQ��LQ�HVVHQFH
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QHJOHFWLQJ�FXUYDWXUH���)DWLJXLQJ��ODWHUDO�ORDGLQJ�DQG�WHPSHUDWXUH�HIIHFWV�ZHUH�HQWLUHO\�LJQRUHG�

)XUWKHUPRUH��RWKHU�G\QDPLF�HIIHFWV�VXFK�DV�UHVRQDQFH�DQG�VSULQJ�FODVKLQJ�ZHUH�QRW�GLVFXVVHG�LQ�WKLV

UHSRUW��DQG�VR�QHLWKHU�ZDV�WKH�IDFW�WKDW�WKH�VSULQJ�LV�QRW�WKH�RQO\�HQHUJ\�DEVRUELQJ�GHYLFH�LQ�WKH

DXWRPRELOH·V�VXVSHQVLRQ�V\VWHP�

'HVSLWH�LJQRULQJ�WKH�DERYH�IDFWRUV��WKH�OHYHO�RI�DQDO\VLV�DSSHDUHG�WR�JHQHUDWH�DQVZHUV�LQ�WKH

FRUUHFW�RUGHU�RI�PDJQLWXGH��+RZHYHU��LW�DSSHDUV�WKDW�WKH�LQWHUQDO�VKHDULQJ�VWUHVVHV�FDOFXODWHG�ZHUH

UDWKHU�KLJK��3HUKDSV�WKH�DQDO\VLV�OHG�WR�DQ�RYHUHVWLPDWLRQ�RI�WKH�LQWHUQDO�VKHDULQJ�VWUHVVHV��$OVR�OLNHO\

LV�WKDW�WKH�PDWHULDO�SURSHUW\�GDWD�ZHUH�QRW�IXOO\�UHSUHVHQWDWLYH�RI�WKRVH�XVHG�DV�DXWRPRWLYH

VXVSHQVLRQ�VSULQJV��7KH�UHDO�PDWHULDOV�XVHG�DUH�OLNHO\�ODERULRXVO\�WUHDWHG�WR�DOORZ�IRU�ODUJH�GHIOHFWLRQV

ZLWKRXW�VLJQLILFDQW�FUHHSLQJ��IDWLJXLQJ�RU�IDLOXUH��1HYHUWKHOHVV��WKH�WKHRU\�FRYHUHG�DQG�WKH

FDOFXODWLRQV�SHUIRUPHG�DSSHDU�WR�KDYH�EHHQ�VXIILFLHQW�IRU�D�SUHOLPLQDU\�DQDO\VLV�RI�WKH�KHOLFDO�VSULQJ

LQ�D�FDU�VXVSHQVLRQ�
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